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Reinterpret h cobordism in terms of torsors

Compare strong strict IA invariancewith Al locality of
classifying spaces Eilenberg MacLane spaces
A connectedness ahomological properties
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Fromthis perspective a non trivial h cobordism as above
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Note that Autly is just a sheaf of groupstithepresented
For a shotof groups G bysmooth
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Let the ShrSmh A G torsor on St is Y A

sit a G x L Y left action is categorically
free
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Geometrically if G is k groupscheme X k scheme

for Z Zar Nis et

A G torsion rn X e locally trivial onX is a tuple
F X G where P is a Xscheme with

scheme theoretically free G action a G xp P

Xp_TPyP is a monomorphismofEchemes

G aw I WIP P Z cover
If faithfully flat G equivariant

mapIf ya

7 X s.t

Wesay P is e locally trivial G torso on X

Remarks

If Ant y is Égroup scheme the defs coincide
so we can use either def

If Y is proper char k o Hut Y is k groupscheme

need not behfinite type
If k algclosed Yprojective 6 Aut y is a smooth kgroup scheme ocof

finitetyp



Back to h cobordism sheafofgroupsAutly s t
H'Nis X Aut y this xx A Hut Y is not surjective produces

a non trivial h cobordism

This prompts the following question
Question Underwhich conditions on G PY is abjection
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strongIA invariance and A local classifyingspace

Def let G be a Nishevichsheaf of groups
Wesay G is strongly Al invariant if f v e Smile

pt Hi V G H Ux 1A G for is 0,1
We say G is strongly A invariant in etale topology
it f UeSmile

p HellU G H Ux A G for Eo 1

Examples It Hin for a space It are typical examplesof
strongly Al invariant sheaves

Let G be a Nishevich sheaf ofgroup
Let EG Cech object associated to G Speck

Explicitly EG G Y X G nti times
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2 action multiply hath coordinate map toBG progfirst n a ordinates

EGadmits extras degeneracy
s G GxG GoerssJardine451 EG is simplicially contractible

simphourthey
ie EG is w e

Clearly Speck EG Speck is id

To see EG Speck I EG is homotopy equalent to idg
EG x DE EG

Define h EG X DID EG

h Gx x G x Hom In i G x G
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Other identities can be checked which imply that
his simplicially homotopy from id to sof

Note EG BG is G torso universal

BG classifies G torsors locallytrivial in Nishevich topology

To B6 U x I H U G set A iso classes

of G torsos on 4
let BG 7 BG be fibrant replacement

U BETH k I H U G

Similarly U BG yet a
t H'e IV G

ii

set of iso classesofetaleGtorsos

let G beNishevich sheaf of groups
Then BIG is A local iff G is strongly A invariant

simp fib replacement of BG

Similarly its is etale sheafof groups

Then BIG ishA local iff G is strongly A invariant

simp fib
septailment of BG in etale topology



Notation Let G setale sheaf of groups
2 Smu Smu Nis

adjoint pair at Spca I Spent 4

BetG a Bff
where BGf is etale timplicial fibrant replacement ofBG

Lemmy let G be an etale sheaf of groups Then

G is strongly1A invariant in et topology iff BetG is IA local
Thus if G is strongly1A invariant in et topology then for Vesna

is nut BetG Huggy I HII U G 1 0,1

Prof G is strongly A inv in etale top iff BG is A local

in etale topology
If BG is A local in etaletopology then BG is A local

is etaletopology Now 2 preserves A local objects
To see this
let It be A local in Spot
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Thus Bet6 is a Bat is A'local.inSpan
Conversely let Beth be A local

H e Spca

In BetG x I A2 BetG xD
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For tin E'sAUt we get

shut BG b Jag shut Bett

12Prop1.16page72MV
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Thightet Kin be a pointed space Then Ti A x is

strongly A invariant forall i o

Corollary Let G be stronglyAl invariant in etale topology
Then G is strongly IA invariant in Nishevich topology

Proof we have BetG is IA local

so it Beti IT BetG is anisoofsheaves

Foreach U ESmle

E'shut Betts t Hf 4G Glu



thus taking the Nishevich sheatification of both the presheares
strongly

it Bett Janis G GA inv shat

G is strongly A inv in Nisnevich topology

Category of strongly IA invariant sheaves

Spc
Nisshetstgps

In gj
hit it E's5,4 5,15

G 1 IT BG x

Pf Wehave adjoint pair

attire
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Tif I it G
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Rightverticalmapis injective let BH BEA s.t

fp g BH a G

f BH KG BH i K 134,1 5 BE
g

Lettverticalmapissung Given H G let BH BG

then on it t Ts BH it BG

i
IT BHI

Katyn I KIBE BE

Lemmon The category Grit admits small colimits

Wehaveadjoint pair Gr M3 Grit
Given a colimit diagram Hi in Gr

the aol.im Hi exists in Gra
Since IT BC s Gra Grant

being left adjoint
preserves colimits

Hence it Afolim Hi e glim it Bhi

Det Given G H G

diagram of strongly A inv sheaves ofgroups
Used later
in Van Kampen

G Y Ga IT B GY E thin in A hour

amalgamated sum of G and Ez over H they
6,462 s alimit in Gra



Def The free strongly IA inv sheaf of groups on
a pointed sheaf of sets S s is

Fai s IT E S
Forany strongly IA invariant sheaf of groups G

Homey Fails G I Hom G s G
Spe

Pf BG is A local

E'S BE e Es'S BG
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Proposition let X Esma be connected and G be an etale sheaf

of groups strongly IA invariant in etaletopology
For twopoints se nz e X k the maps coincide i e

set set H'd X G H'et SpeckG

Let us denote this mapby p for any rational point
The natural map

H'et X G P H'etSpeck G

H'Nis X G a pics

H'et X G HI Speck Gproof 1stpart p p
X BetG y SpeckBetG

17

Choose a representative e X Bett The compositemap
sech

x I BetG
4 Composing e with Speck X
split x to Bett induces the same section it BeGTp e

i e an ett in It BetG k likeG
e I 7 title

hence independent of see X k



2nd part Thinkingof G as Nishevichsheet BG is A o connected

Themap BG BetG x

induces inclusion it BG IT BetG

iso Itt BG Ti BetG

Thus BGA Beta istheinclusionoftheIA connected
component of the basepoint

We have

pyx x Be.tl YFyIIfBe.G
I astioml.BG J Inncomponentof

x BG X BetG A Is Speck Begg12BGisA local E TokBIG SpeckHiv X G He X G

Claim X BG p x is bijective

Clearly I 1
Onto

Choose a representative e X BefG S.t
X Bett

t
JAH 5 Bett
inclusionof connected component of t

X is IA connected so has a Postnikov tower



KA Xi 1 I K it Beth e 146,1 BG
A pox p BIGX functionality

I ofPostinikov
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Proposition let k be a separably closed field of exp charp
If X is A connected then X admits no non trivial finite

etale Galois covers of degree coprime top
Hence it et X n is pro p group

PI let Y X be a finite etale Galois cover associated

to a group G of order coprime to p
Since G is an etale group scheme of order coprimeto p

Bly MV 4 Prop3.1 page137 BetG is A local

Thess G is strongly A invariant in etale topology

Hencebyabove proposition

His X G
e

H'et X G H'e speak G

keepclosed

i Y IX is Nisnerich locally trivial G torsos



Claim Y X admits a section ie Is X syst fossi
WLOG we can assume that X is irrencible smoothvariety 1k
By assumption that Y X is Nis locally trivial
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Notes I Then P X is such

that Pl if U isiso

p is birational

Further p is finite hence proper



Thus p É X is a birational propermapof integral schemes
each fiber of p is connected

but p is finite hence quasi finite
each fiber is singleton

Also pis prosper henceclosed p t 7 U dense

i pl p s X inX
s

ie p is surjective
Thus p T X is properbintmal

bijectivemap p is iso
Consider F

AMathew's P p
Zariski's main Cor3g
thn application

Thus isp X I 7 Y st fogsid
g

Hence yet Xin is pro p group



Strict Al invariance and A local EilenbergMacLane spaces

Jet let A be a Nishevich sheafof abelian groups
A is strictly A invariant if A Vesmk

HI b A I leftUxA A tix

Given etale sheaf A A is strictlyA inv in etale topology it

Hit U A I Hie u xD A Tiso

A is strictly A inv KLA is A local His
His strictly IA invinpet KLA i is A local tis

in Spite

Det let A be etale sheaf KCA i e Spent

Let K A f
s fibrant replacement ofKCA i inSpenet

Define Ket A i L K Ai e Spca

Lemmy let Abe etale shot of abeliangroups Then
A is strictly1A inv in etale topology iff ke.CA it is A localtis

Moreover if A is strictly 1A inv etaletop then t UtSma

E'shut Ket A i I H V A

V osj.si



Pf similar as before

E AUt Ket A i x a E's14 KCA if
A adjunction

12 1 y

isnt KH.it
HIyy

12 KLA is Al local

nut K Ai
a

k
µ U A

Thmfitoretjs let A be strongly A invariantsheetofabeliangrog
Then A is strictly IA invariant

PI sketch H V A x H Cis Ui A ftp.gm
Cis U A Cis Ux IA

quasi isomorphism

Cot let A be an etale sheaf of abelian groups strongly
Al invariant in et top Then the underlying Nishevichshat
A is strictly A invariant

Pf strongA inv in et top strongA inv inNistop

HThm

strictA inv



Summarizing

givesexamples
of yI 1Ab'strit IIIng

2145mat
n

I I
Ab

a it Abstrong

lemme let kbe a field so that Mehar ks p let Abe etale
sheaf 21 Yp modules that is A invariant Then
A is strictly A invariantfor etale topology

PI Given a s e s of etale sheaves of 214 modules

o A A A o

if 2 of them are strictly A inv in et top then so is 3rd

Consider o Aton A Axa A 82
2
30

Note A tors as torson coprime to p
Reduce to show lemma for A either

1 A is a sheaf of D rector spaces or fetalsheaves
2 A is torsion asprime to p Yhnsfers

Ref Prop14.23lectureson

In case 1 ti Hie U A Iiis U A this in A init

2 MVW Thin 7.2 Suslin's rigidity thithm13.8



A is locally constant T IA IA is isa where
It Shue Et h Shetsmh p

Then by SGA4 Tome3 XV Cor 2.2

HitC A is IA invariant

Jp Let k be a fieldof exp sharp Let X ESmg
let 1 p Gm'sGm4,2147 Then tBr x e a H X Gm

Prost let Gi etale sheaf associatedto the presheat

U to Ocu Zufatually
asheaf

char k o Gm'sGm
We know Br x Het X Gm

Wehave diagram Br x C Y
He X Gm

a t
l torsion
sudgp

Bra e I Met x Gmt

Claim for l coprimetop is injective on Br X e

For if he B XH s t as a

Wehave l a so in Br x for some n 1
Gm is 211 modules H'et X Gm isalso 24 modules

So also I ns.t phyla so in Het X Gm

Y pix so Phd so in Br x



But th a o since d n Br A fl
2 0 in Br x

ie Brix e HettyGil is injective for

ftp.prop43y k field expsachar k p xxx k X A connected

Then XEspeck induces isomorphism

Helix it Is Hetch G
In particular it k is separablyclosed Br X is p group

4 t Her k Gm
K

In specks KetGhz 7 Xt Ket912 SparkyKetch 2
To show Ist map is onto

let X E KetGm 2
t
it x

o
I

Ketchum
2

title e Speck Kelani27
s t title toe is to't

Thus HE X G lie k Gm is bijective



Br x H X Gm

g t
are p Br X IA Es H X 6h e HECK Gi

I k sepclosed
Br G Re so for l p
Br x is p torsion

Examply Let Xs K surface 1h Brix Y conn

let k alg closed field of char exponential p
let X smooth propulle

let K E

o

ftp xo2 z
Hcx a H x 2 t.to

is exact

this followsfrom 0 21 Ox of o thenTort.az
hotsmalehas H x

mtg.mn 2 H 4 2 tons Mta
so if bz p leg X K3surface 62 22 p 20

X is not A connected

forchart o l p

Hefx G e e E bottom
when M finite l guy



Example Let G s simply connected semi simplealg group
over a field k expchar k p

G k L f back f Ga G homomorphism

gen
G k

Eg w k G whiteheadgroup

Kneser Tits problem Forwhich groupsG WH G s 1

We say a groupG is W trivial if WCLG A LIK

QuestingGille can we characterize G sit G is w trivial
Note G is W trivial Al chainconnected Al connected

Gille inadditiontoadoreassumptions if G is splitthen
G is W trivial Lenn IA conn

By what we saw today G W trivial Br G is ptorsion
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